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Abstract: The contour argument was introduced by Peierls for two dimensional Ising model. 
Peierls benefited from the particular symmetries of the Ising model. For non-symmetric models 
the argument was developed by Pirogov and Sinai. It is very general and rather difficult. 
Intuitively clear that the Peierls argument does work for any symmetric model. But contours 
defined in Pirogov-Sinai theory do not work if one wants to use Peierls argument for more general 
symmetric models. We give a new definition of contour which allows relatively easier prove the 
main result of the Pirogov-Sinai theory for symmetric models. Namely, our contours allow us 
to apply the classical Peierls argument (with contour removal operation). 
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1 Introduction 

In many systems of interest, low temperature Gibbs measures are concentrated on configurations 
which are basically a single configuration plus a small fraction of small " fluctuations" , also called 
"defects". The boundaries of these "fluctuations", define the contours. 

The contour argument was pioneered by Peierls in 1936 [8] to demonstrate that the two 
dimensional Ising model does exhibit phase coexistence at low temperature. The original ar- 
gument benefited from the particular symmetries of the Ising model. The adaptation of the 
method to the treatment of non-symmetric models is not trivial, and was developed by Pirogov 
and Sinai [9], [13] (see also [1]-[7],[15]). A particularly enlightening alternative version of the 
argument was put forward by Zahradnik [14]. 

In the Pirogov-Sinai (PS) theory configurations can be described by contours which satisfy 
Peierls condition. This theory provides tools for a very detailed knowledge of the structure of 
Gibbs measures in a region in the relevant parameters space (see e.g. [13]). The PS theory is a 
low temperature expansion which enables to control the entropic fluctuations from the ground 
states, its natural setup being the lattice systems. But the theory is not limited to such cases and 
it has been applied to a great variety of situations, covering various types of phase transitions, 
(see e.g. [3] for details). 

The main object of the theory is a family of contours defining a configuration. In the original 
PS theory the ensemble of contours has more complicated form. In particular, they do not have 
the "contour-removal operation" (even for symmetric models) introduced by Peierls. 



This paper presents a new definition of the contour on Z^. Contours defined here more 
convenient to prove the main theorem of the PS theory for symmetric models. They allow as to 
use classical Peierls argument (with the contour-removal operation). Such contours for models 
on the Cayley tree were defined in [10]-[12]. 

The paper is organized as follows. In section 2 we give all necessary definitions and check 
the Peierls condition. Section 3 devoted to definition and properties of new contours. In section 
4 by the classical Peierls argument we show the existence of s different (where s is the number 
of ground states) Gibbs measures. 



2 Definitions and Peierls condition 

2.1. Configuration space and the model. We consider the d— dimensional {d > 2) cubic lattice 
Z'^. The distance d{x, y), x,y e Z''' is defined by 

d{x, y) = mcDc^ \xi - yi\. 

For A C Z"^ a spin configuration a a on A is defined as a function x G ^4 — cr^(x) G $ = 
{1,2, ...,q}; the set of all configurations coincides with = We denote Q = and 
cr = a^d. Also we define a periodic configuration as a configuration a E ^ which is invariant 
under a subgroup of shifts Z^ C Z"^ of finite index. A configuration that is invariant with respect 
to all shifts is called translational-invariant. 

The energy of the configuration cr G f2 is given by the formal Hamiltonian 

H{a)= Yl (2.1) 

diam(A)<r 

where r G = {1,2, ...}, diam(^) = m.aXx,yeAd{x,y), I{(ta) '■ R is a given translational- 

invariant potential. 

Denote by Mr the set of all cubes of linear size r. 

For A C Z'^ with diam(74) < r denote 

n{A) = \{beMr:Ac b}\, 

where \B\ stands for the number of elements of a set B. 
The Hamiltonian (2.1) can be rewritten as 

Hia) = U{a,), (2.2) 

b&Mr 

where [^((^b) = Eac?. 

For a finite domain D <Z Z'^ with the boundary condition ipjjc given on its complement 
D'^ = Z'^\D, the conditional Hamiltonian is 

H{aD\vD^)= ^(""b), (2.3) 

be Mr: 
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where 

, , f a{x) if X ebnD 
^ ' [ (p{x) if xebnD". 

2.2. The ground state. A ground state of (2.2) is a configuration (.p in whose energy 
cannot be lowered by changing in some local region. We assume that (2.2) has a finite number 
of translation-periodic (i.e. invariant under the action of some subgroup of Z'^ of finite index) 
ground states. By a standard trick of partitioning the lattice into disjoint cubes Q{x) centered 
at X € pZ'^ with an appropriate p and enlarging the spin space from $ to <I>'^ one can transform 
the model above into a model on pZ'^ with only translation-invariant or non periodic ground 
states. Such a transformation was considered in [6]. Hence, without loss of generality, we assume 
translation-invariance instead of translational-periodic and we permute the spin so that the set 
of ground states of the model be GS = GS{H) = {a^\i = 1,2, ..,s},l <s<q with crW(x) = i 
for any x G 

2.3. Gibbs measure. We consider a standard sigma-algebra B of subsets of f2 generated by 
cylinder subsets; all probability measures are considered on {Q,B). A probability measure is 
called a Gibbs measure (with Hamiltonian H) if it satisfies the DLR equation: V finite A G Z'^ 
and a\ G 

fi{{aen: = cta}) = / fi{du;)i^!^{aA), (2.4) 
where is the conditional probability: 

''iM = J— exp {-PH ((taI cpAc)) . (2.5) 

Here j3 = ji,T > 0— temperature and Z\^^ stands for the partition function in A, with the 
boundary condition (/?: 

ZA,ip = ^ exp {-f3H (cta I VA'^)) ■ (2.6) 
2.4- The Peierls condition. 

Denote by U the collection of all possible values of U{a},) for any configuration aj,, b E Mr. 
Since r < +oo we have |U| < -|-oo. Put ?7™''' = mm{U : ?7 e U} and 

Ao = min |u \ {t/ G U : = C/°"^}| - {7"^^°. (2.7) 

The important assumptions of this paper (see subsection 2.2) are the following: 
Assumption Al. The set of all ground states is GS = {cr^'^\i = 1, 2, s},l < s < q. 
Assumption A2. Aq > i.e. U has at least two distinct elements. 

Let Pg be the group of permutations on {l,...,s}. For g G Pg, g = {gi,...,gs) and a G ft 
define ga eflhy 

9a(x), if crix) G {1, ...,s} 
cr{x), if a{x) e {s + I, ...,q}. 

Assumption A3. Hamiltonian (2.1) is symmetric i.e. H{ga) = H{a) for any g E Pg and 

Va G n. 



gu{x) 
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Remark. If a configuration a satisfies 

U{ab) = U'''^ for ^beMr (2.8) 

then it is a ground state. Moreover for Hamiltonians on Z'^ it is well known that a configuration 
is a ground state if and only if the condition (2.8) is satisfied (see e.g. [13]). 
The relative Hamiltonian is defined by 

Hia,<p)= Y,{U{a,)-U{^,)). 
beMr 

Definition 2.1. Let GS be the set of all ground states of the relative Hamiltonian H . A 
cube b G is said to be an improper cube of the configuration a if ah ^fb for any f £ GS. 
The union of the improper cubes of a configuration a is called the boundary of the configuration 
and denoted by d{a). 

Definition 2.2. The relative Hamiltonian H with the set of ground states GS satisfies the 
Peierls condition if for any ip G GS and any configuration a coinciding almost everywhere with 
if (i.e. \{x e Z'^ : a{x) ^ (p{x)}\ < oo) 

H{a,<f)>\\dia)\, 

where \ is a positive constant which does not depend on a, and \d{a)\ is the number of cubes in 
d{a). 

Proposition 2.3. If assumptions A1-A2 are satisfied then the Peierls condition holds. 

Proof. Suppose a coincides almost everywhere with a ground state <^ G GS then we have 
U{ab) — J/™™ > Ao for any b G d{a) since (/? is a ground state. Thus 

H{a,^) = ^ iU{ab) - Ui^b)) = ^ {UC^b) - > Xo\d{a)\. 

b€Mr b€d{a) 

Therefore, the Peierls condition is satisfied for A = Aq. The proposition is proved. 

3 Contours 

Before giving our new contours let us recall the definition of the contour defined in original 
Pirogov-Sinai theory (see [13]). 

Definition 3.1. Pair T = {M,a{M)), (where M = suppcr(M) is a finite connected subset 
of Z'^), is called contour of the configuration a, if M is a component (maximal connected set) 
of the boundary d{a). 

Now we define our contours which arc more convenient to use for the symmetric models. 

Let A C be a finite set. Let = i,i = l,...,sbea constant configuration outside of 
A. For each i we extend the configuration cta inside A to the entire lattice by the ith constant 
configuration and denote it by cr^^ . The set of such configurations we denote by Q^J^ . 
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For a given configuration G d-^ denote V^-'^ = vj^\af) = {t e k : af{t) = j},j = 
1, ...,q,j 7^ i. Let Gaj = (^''^-^a'') be a graph such that 

lJ') = {{x, y) € Vj^^ X Vl;^ : d{x, y) = 1}, j = 1, q,j ^ i. 

It is clear, that for a fixed A the graph Gaj contains a finite number (= m) of maximal connected 
subgraphs Gaj^p i.e. 

Gaj = {Gaj,!, GA,j,m}, GA,j,p = (V^a^' ^a,!,)' P = -^rn-j 7^ i. 

Here vj^^ and Lyj^^ are the set of vertexes and edges of Gp-' , respectively. 

The (finite) graph GA,j,p, j = 1, J hP = 1, m is called subcontour of the configura- 
tion ay . 

(i) 

The set V^p' j ~ 7^ = Ij-.-j^ti- is called interior of GA,j,p, and is denoted by 

IntGA,j,p- Note that the configuration takes the same value j at all points of the connected 
component Gaj',p- This value is called mark of the subcontour. 

For any two subcontours Ti,T2 the distance dist(ri,r2) is defined by 

dist(ri,r2) = min d{x,y), 

!/SIntT2 

where d{x,y) is the distance between x,y E Z"^ (see section 2.1). 

Definition 3.2. The subcontours Ti,T2 are called adjacent i/ dist(Ti, T2) < r. A set of 
subcontours A is called connected if for any two subcontours Ti,T2 E A there is a collection of 
subcontours Ti = Ti,T2,...,TJ = T2 in A such that for each i = l,...,l — 1 the subcontours % 
and Tj+i are adjacent. 

Definition 3.3. Any maximal connected set (component) of subcontours (with given marks) 
is called contour of the configuration . 

For contour 7 = {Tp} denote Int7 = UpIntTp. 

Remarks. Our definition of a contour is different from the Definition 3.1. Indeed: (i) our 
contour can be non connected subgraph of Z'^, but the contours in original PS theory are 
connected; (ii) By our definition for any two contours 7,7' we have dist(7,7') > r. Thus our 
contours do not interact. This means that for any cj € there is no a cube b € d{a) with 
6 n 7 7^ and 5 n 7' 7^ 0. Such property allows as to use a contour-removal operation. This 
operation is similar to the one in ordinary Peierls argument [5]: Given a family of contours 

(i) 

defining a configuration a G $7]^ , the family obtained by omitting one of them is also the family 
of contours of a (different) configuration in ^a . There is an algorithm of the contour-removal 
operation to obtain a new configuration as follows. Take the configuration a and change all the 
spins in the interior of 7 (which must be removed) to value i. This makes 7 disappear, but leaves 
intact the other contours. Contours defined in the Definition 3.1 may interact. Therefore the 
Peierls argument is not directly applicable in that approach. 
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In the sequel of the paper by contour we mean a contour defined by Definition 3.3. For a 
given (sub) contour 7 denote 

imp7 = {6 G 9 : 6 n 7 7^ 0}, I7I = |imp7|. 

By the construction we have imp7 fl imp7' = for any contours 7 7^ 7'. 
For a given graph G denote by V{G) the set of its vertices. 

Let us define a graph structure on as follows. Two cubes 6, h' G are connected by 
an edge if 6 H 6' 7^ 0. Denote this graph by G{Mr). Here the vertices of this graph are elements 
(cubes) of Mj.. Note that the graph G{Mr) is a locally finite i.e. there is k = k(d,r) < +00 such 
that any vertex of G{Mr) has k nearest neighbors. Thus Lemma 1.2 of [2] can be reformulated 
as follows 

Lemma 3.4. Let Nn^cix) be the number of connected subgraphs G' C G{Mr) with x G V{G') 
and \V{G')\ = n. Then 

Nn,G{x) < (ekr. 
For X G Z*^ wc will write x G 7 if x € Int7. 

Denote Nn{x) = |{7 : x G 7, 17I = n}\, where as before I7I = |imp7|. 
Lemma 3.5. Nn{x) < 5(4eA;)". 

Proof. Consider imp7 as a subgraph of G{Mr). In general imp7 may be non connected 
subgraph of the graph G{Mj.). Denote by Kj the minimal connected subgraph of G{Mr), which 
contains the contour 7. It is easy to see that 

|y(K^)| <2|imp7| = 2|7|. (3.1) 

Using the estimation (3.1) and Lemma 3.4 we obtain 

The lemma is proved. 

4 Non-uniqueness of Gibbs measure 

For AdZ^ denote 

C(A) = {6GM^:6n^7^0}. 
For o"A G ri^^ the conditional Hamiltonian (2.3) has the form 

H^\gk) = H{aA\aAc = i) = J2 = 

beMr-. 

J2 {U{aA,b)-U^n + \C{A)\U^'\ (4.1) 

bed{aA) 

where crA,b{x) = crA(x) if x G A H 6 and crA,b{x) = i H x E A'^ Ci b. 
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The Gibbs measure on the space with boundary condition cr^'^ is defined as 

Ml:;^(aA) = ZxJexp(-/?//«(aA)), (4.2) 

where Za^j is the normahzing factor. 

Let us consider a sequence of sets on Z'^ 

1^1 C V2 C ... CVnC UVn = Z\ 

and s sequences of boundary conditions outside these sets: 

cjW =i,n = 1,2, = l,...,s. 

By very similar argument of proof of the lemma 9.2 in [7] one can prove that each of s sequences 
of measures n = 1, 2, ...}, i = 1, s contains a convergent subsequence. 

We denote the corresponding limits by fJ^y ,i = 1, ...,s. Our purpose is to show that for a 
sufficiently large /3 these measures are different. 

Lemma 4.1. Suppose assumptions Al, A2 are satisfied. Let ^ he a fixed contour and 
Piil) = A*^*Vn G : 7 e d{an)). Then 

Pi{j) < exp{-/3Ao|7|}, (4.3) 

where Aq is defined by formula (2.7). 

Proof. Put = {an en^^-.-fC d{an)}, = Wn ■ 7 n 5 = 0} and define a (contour- 
removal) map x-y : — ^ 0° by 

( i if X e Int7 

I (Jn[x) if X ^ int7. 

When 7 is fixed then the configuration on Int7 also fixed. Therefore the map Xi is one-to-one 
map. For any an G ^v„ have 

\d{an)\ = \dix,{an))\ + b\. 

Consequently, using (4.1) one finds 

E.„gn, exp{-/3E5g8(.„)(^(^n.^) " ^""")} ^ 
^^^^^ E<.„ exp{-/3 E6ea(<.„) (^(^n,6) - C/-")} ' 

exp{-/3E.s9K)(^(^n,.) - ^'"^'-)} _ 
^a.eno exp{-/?E66a(^„)(t^(^n,6) - C/--)} 

E.„6n,exp{-^E568K)(^K,6) - ^'"'")} 
E^„en, exp{-/3 E6ea(x,(a„)) (C^(X7(^n,6)) - f^'"'")} ' 
Since an,b = Xiif^v^b), for any b G 5((7„) \ imp7 we have 



(4.4) 



iUian,b)-U^n = Si + S2, (4.5) 



where S, = Ebea(x.{.„))(f^('^",;') - ^"'°); ^2 = JZ^eir^^^iU {an,,) - U^^-). 

By our construction 7 is a contour of 5((7„) iff cr„(a;) = i for any x £ Z'^ \ Int7 with 
d(x,Int7) < r. Consequently, imp7 docs not depend on cr^ G il-y. By assumptions A1-A2 we 
have U{an,b) - t^™™ > Aq > 0, for any b G imp7. 

Hence 

^2 = ^ {U{an,b) - C/'"'") > A0I7I, for any a„ G fi^. (4.6) 

6eimp7 

Thus from (4.4)- (4.6) one gets (4.3). The lemma is proved. 

Now using Lemmas 3.5 and 4.1 by very similar argument of [11] one can prove the following 

Lemma 4.2. // assumptions A1-A3 are satisfied then for fixed x £ A uniformly by A the 
following relation holds 

IJ,p\(TA ■ ctk{x) = j) ^ Q,j i as /3 -> 00. 
This lemma implies the main result, i.e. 

Theorem 4.3. // A1-A3 are satisfied then for all sufficiently large /3 there are at least s 
(=number of ground states) Gibbs measures for the Hamiltonian (2.2) on Z'^ . 
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